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Abstract. It is conjectured that any trigonometric Olshanetsky-Perelomov 
Hamiltonian written in Fundamental Trigonometric Invariants (FTI) as co- 
ordinates takes an algebraic form and preserves an infinite flag of spaces of 
polynomials. It is shown that try-and-guess variables which led to the alge- 
braic form of trigonometric Olshanetsky-Perelomov Hamiltonians related to 
root spaces of the classical Atf, Bjv> C*jv, Dji, BCn and exceptional G2, F4 Lie 
algebras are FTI. This conjecture is also confirmed for the trigonometric E% 
Olshanetsky-Perelomov Hamiltonian whose algebraic form is found with the 
use of FTI. 



1. Introduction 

About 30 years ago, Olshanetsky and Perelomov pQ (for a review, see [2]) dis- 
covered a remarkable family of quantum mechanical Hamiltonians with trigonomet- 
ric potentials, which are associated to the crystallographic root spaces of the classi- 
cal (An, Bn, Cat, Dm) and exceptional (G2, F4, £^6,7,s) Lie algebras. The Olshanetsky- 
Perelomov Hamiltonians have the property of complete integra- bility (the number 
of integrals of motion in involution is equal to the dimension of the configuration 
space) and that of exact solvability (the spectrum can be found explicitly, in a 
closed analytic form that is a second-degree polynomial in the quantum numbers) . 
The Hamiltonian associated to a Lie algebra g of rank N, with root space A, is 

(11) H 1 Vf ^ } +^ V a 2 H 2 



2 

k=l 



where R+ is the set of positive roots of A, (3 6 E is a parameter introduced for 
convenience, g?, = /J.\ a \(^\ a \ ~ 1) are coupling constants depending only on the 
root length, and y = (y\, ?/2, ■ ■ ■ , Vn) is the coordinate vector. If all roots are of the 
same length, then g\ a i = g (i.e. there is a single coupling constant). If the roots 
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are of two different lengths, then for the long roots g\ a \ = gi and for the short ones 
9\a\ = 9s (i- e - there are two coupling constants). The configuration space here is 
the Weyl alcove of the root space (see [2] ) . 

The ground state eigenfunction and its eigenvalue are 



(1.2) * (y) = J] 



sin -(a • y) 



where p = J2aen Mlal is the so-called 'deformed Weyl vector' (see [2], eqs.(5.5), 
(6.7)). It is known that any eigenfunction W has the form of (|1.2[) multiplied by a 
polynomial in exponential (trigonometric) coordinates, i.e. "J = (see [2]). Such 
polynomials $ are called (generalized) Jack polynomials. For connections between 
Jack polynomials, and the theory of special functions and orthogonal polynomials, 
see, e.g. [3j H]. 

For future use, we make three definitions. 

Definition 1. A multivariate linear differential operator is said to be in al- 
gebraic form if its coefficients are polynomials in the independent variable(s). It is 
called algebraic if by an appropriate change of the independent variable (s), it can 
be written in an algebraic form. 

Definition 2. Consider a finite-dimensional (linear) space of multivariate 
polynomials defined as a linear span in the following way: 

P n\ a } = (x^x? 2 ...x p d d \0<a lPl +a 2 p 2 + ... + a dPd <n) , 

where the a's are positive integers and n £ N. Its characteristic vector is the 
ci-dimensional vector with components afl 

(1.3) a = (ai, a 2 , ■ ■ ■ ay) ■ 

For some characteristic vectors, the corresponding polynomial spaces may have a 
Lie-algebraic interpretation, in that they are the finite-dimensional representation 
spaces for some Lie algebra of (first-order) differential operators. For example, 
the spaces corresponding to a = (1, . . . , 1), indexed by n, are finite-dimensional 
representation spaces of the algebra gl(d+ 1) of first-order differential operators. 



Definition 3. Take the infinite set of spaces of multivariate polynomials 
= Pjfj a -\, n £N, defined as above, and order them by inclusion: 

P CPiCF 2 C...CP„C... . 



Such an object is called an infinite flag (or filtration), and is denoted ■P/fl- If a 
linear differential operator preserves such an infinite flag, it is said to be exactly- 
solvable. It is evident that every such operator is algebraic (see [5]). If the spaces P n 
can be viewed as the finite-dimensional representation spaces of some Lie algebra 
g, then g is called the hidden algebra of the exactly-solvable operator. 

Any crystallographic root space A is characterized by its fundamental weights 
w a , a = 1, 2, ... r, where r = rank(A). One can take a fundamental weight w a and 



We do not think that this notation will cause a confusion with positive roots. 
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generate its orbit f2 a , by acting on it by all elements of the Weyl group of A. By 
averaging over this orbit, i.e. by computing 

(1.4) r a (y) = J2 ^ (W ' V) > 

one obtains a trigonometric Weyl invariant for any specified j3 £ R. For a given 
root space A and a fixed j3, there thus exist r independent trigonometric Weyl 
invariants r generated by r fundamental weights w a . We shall call them Funda- 
mental Trigonometric Invariants (FTI). For the theory of root spaces, see [6] and in 
a concise form, [7] or [§]. A brief description of FTI, under the name 'exponential 
invariants' appears in Bourbaki [9], (Ch.6, §3, p. 194). 

The goal of this paper is to show, for each of several Lie algebras g, (i) that 
the Jack polynomials arising from the eigenfunctions of the Hamiltonian (|1. 1)) . 
being rewritten in terms of FTI, remain polynomials in these invariants, (ii) that 
a similarity-transformed version of (jl.ip . namely h oc \E'^" 1 (iJ — Eq)^q, acting on 
the space of trigonometric invariants (i.e., the space of trigonometric orbits) is an 
operator in algebraic form, and (iii) that h preserves an infinite flag of spaces of 
polynomials, with a certain characteristic vector. Results are presented for the root 
spaces Am, BCn, -Bat, Cn, Dm, G<x, F4 and E 6 . Although similar results might seem 
to be obtainable for £7 and Eg, an analysis of those root spaces is absent, mainly 
due to great technical complications. 



2. The case A = A 



N 



For the root space An, the Olshanetsky-Perelomov Hamiltonian (|1.1[) coincides 
with the Hamiltonian of the Sutherland model [10) . and has the form 



1 N+1 r) 2 nR 2 N+1 



1 

" a-! dx l ' 4 rin 2 (§(x fc -z,)) ' 

with the ground state eigenfunction 

n+i / 3 \ 1 

(2.2) * o (a0 = n^fffo-Si)) ,«/ = "4- 

It describes a system of (JV + 1) particles situated on a circle, with a pairwise 
interaction that is given by potential term in (|2.ip . For a review see [12] . 

In order to solve the eigenvalue problem for the Hamiltonian (|2.ip let us intro- 
duce the Perelomov relative coordinates 



(2.3) y = J2 X * . = x *-jrfj Y ' ' 1 v • 1 • 

where 1" is the center-of-mass coordinate, and the coordinates yi are confined to 
the hyperplanc 

N+1 

(2-4) X> = . 

i=l 

A transformation to Weyl-invariant periodic coordinates was introduced in [12] . It 
is 

(2.5) {x l ,x 2 ,...x N+1 )^{e i ^ Y ,r 1n {x)=c7 n {e i ^)\n=l,2...N) , 
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where dk{x) = Y,i 1 <i 2 <-<i k x i% x ii '" x iki k = 1,2, . . . , N are the elementary sym- 
metric polynomials, and by convention, Co = o~n+i — 1 and at — for i < and 
i > (N + 1). It was shown that a similarity-transformed version of the Hamiltonian 
(|2.1[) , namely h,A N = — ^(*o) _1 Hs u th ; after separation of the center-of-mass 
motion (Y = 0) takes on the algebraic form 

N d 2 N d 

(2.6) ^=53^) +Sfl((l7) 

i,j=l J i—l 



where 



(N+l-i)j 

« = ]vTl % % + ^ U ~ * ~ 2 %+/ at z > j 



Z>max(l,j— -i) 



It can easily be checked |12j that the operator /isuth preserves the infinite flag 
Pr^j 1 i. This is in agreement with our general conjecture that the characteristic 
vector for the trigonometric model coincides with the minimal characteristic vector 
for corresponding rational model [14j . The operator Ha n depends on a single 
parameter v, linearly. The nodal structure of its eigenpolynomials (i.e. where they 
vanish) at fixed v remains an open question. 

Statement 1. For any n, one can find a fundamental weight w a of the An 
root system for which rj n — r a . Hence, the Weyl- invariant periodic coordinates 
i] n ,n = 1, 2, . . . , N, defined in \2. 5\) , coincide with the fundamental trigonometric 
invariants T a ,a — 1, . . . , N =rank (An ), defined in {l-4ty- 



To prove this statement, note that the fundamental weights of An can be 
written in terms of the canonical basis e-y, . . . , ejv+i of R w+1 as (see [9]) 

k N+1 

(2.7) w k = (ex + e 2 + • ■ • + e k ) - — — ^ e s , k = 1, N . 

3=1 

Hence, the orbit element related to a given fundamental weight reads at Y = as 



(2.8) exp(if3w k • y) = exp = JJ cxp(z/%) . 

\ 3=1 J 3=1 

Since the Weyl group for An is a symmetric group <Sjv+i that permutes the vectors 
ej, the averaging of (|2.8p over this group gives for the FTI exactly a k {exp(if3y)). 
It is worth noting that there exists a symmetry [12j : the involution (3 <-> —0 
corresponds to rji <-> r)N+i-i (see (12.8I0 . Since the original Hamiltonian depends on 
P 2 , this leads to certain relations between the coefficients Aij and Bi <-> B^+i-i- 

Let us consider the algebra gl(N + 1) realized by the first order differential 
operators 
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(2.9a) jr = A » = 1,2...JV 

(2.9b) J y ° = r~, i,j = 1,2. ..N, 



d 



(2.9c) J° = ^ Tl — -n, 



(2.9d) J+ = T i J a = T i \Yj j —-n\, i = l,2...N 



where n is any number. If in (|2.9p . n is non-negative integer, the generators (|2.9p 

(A) 

i, {1,1, ...,!}' 



will have a common invariant subspace P^ N rl -, u ' on which they act irreducibly. 



Hence the infinite flag x y is made of irreducible finite-dimensional represen- 

tation spaces of the algebra gl^+i- If the raising generators J + are excluded, the 
remaining generators will form the maximal affine subalgebra of the gl(N + 1) alge- 
bra. It is evident that the generators J°, J~ preserve -P/f^ u- It can be proved 
that /isuthj given in (|2.6[) can be rewritten in terms of the generators J°, J - . There- 
fore, glN+i is the hidden algebra of the Sutherland model. 



3. The case A = BC N (including A = B N , C N , D N ) 

For the root space BCm the Olshanetsky-Perelomov Hamiltonian (jl.ip has the 
form 




with the ground state eigenfunction 



(3.2) * = ]^[ | sin(|-(^ - ^O)!- 1 sin(^(^ + II I sin^OT 2 1 sin(|^)r 3 , 

i<j i—l 

where g = v{v-\) > -1/4 , g 2 = itifo-l) > -1/4, g 3 = u 3 (p 3 +2v 2 -l) > -1/4. 
From the general BCm Hamiltonian (|3.1j) the Bn, Cn and Dn cases are obtained 
by specializing as follows: 

• Bn case: v 2 = 0, 

• Cn case: v 3 = 0, 

• Dn case: v% — v% = 0. 

In order to solve the eigenvalue problem for the BCn Hamiltonian (|3.1|) . let us 
perform a change of variables to Weyl-invariant periodic coordinates [15j . i.e., 

(3.3) {xi,X2, ■ ■ ■ x N ) — > (?7„(x) = ct„(cos/3x)| n=l,2...Ar) 
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where Uk{x) , k = 1,2, ...,N are the elementary symmetric polynomials, with 
(To = 1. The similarity-transformed Hamiltonian (13. 

2 

h B c N = -^(*o) _1 H BCn *o 
with <3/o given by (|3.2p . has the form (see |15j ) 

(3.4) = ^^(r,)-— - + 2>fa) 



where 

A; 



9 ^ 



l>0 



-(i-2- I) f]i-i-x rjj + i - (I + j + 1) r)i-i-i r/]+i+ 
Bi = u 3 {i -N-l) ^ + v{2N -i-l) + 2v 2 + u 3 



-u(N -i + l)(N-i + 2)rn- 



2 



Here t/q — 1 and by convention, r\i — for i < and i > N. 

It can be easily checked that the operator hsc N preserves the infinite flag 
ni similarly to the case of the An Hamiltonian. This is in agreement 
with our conjecture that the characteristic vector for a trigonometric model al- 
ways coincides with the minimal characteristic vector for the corresponding rational 
model [14] . 

The BCn model depends on three parameters v, V2, ^3, and the nodal structure 
of the eigenpolynomials (i.e. where they vanish) at fixed i/s remains an open 
question. 

Statement 2: For any n, one can find a fundamental weight w a of the Cn 
root system for which rj n = f a T a , where f a is a constant. Hence, the Weyl-invariant 
periodic coordinates rj n ,n = 1, . . . ,N i3.3\) coincide with the fundamental trigono- 
metric invariants r a ,o = 1, . . . , N=rank (Cn), defined in up to numerical 
factors. The coefficients in (|3.4j) are changed accordingly. 

Indeed, the element of the k-th orbit related to the fundamental weight uik = 
(ei + e 2 H h efc) , k = 1, 2, ... N) (see [9]), looks like 

k 

(3.5) enp(i/3wk ■ x) = exp(i/3xj) . 

j=i 

The Weyl group for Cn root space is a semidirect product of a permutation group 
Sn acting on the vectors e; and a group (Z/2Z) W that acts as ej 1— » (±l)jCj. 
Averaging (|3.5J) over the second group action gives 2 fc ^=1 cos(0Xj), and averaging 
over permutations gives <7fe(cos(/3a;)), up to a common multiplicative factor. 

Remark 1 : The set of Cn trigonometric invariants of the form (|1.4p is char- 
acterized by the smallest common period, in comparison with the set of the Bn or 
Dn trigonometric invariants. In general, any Cn trigonometric invariant can be 
rewritten as a polynomial cither in Bn or in Dn invariants. 

Remark 2: Neither the B N Hamiltonian (g 2 = in (|3.1|) ) nor the D N Hamil- 
tonian (<?2 = 33 = in (|3.1[) ) takes on an algebraic form in terms of the Bn or Dn 
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trigonometric invariants, respectively. However, both Bn and Dn Hamiltonians 
take on an algebraic form in terms of the Cn trigonometric invariants. 

It can be shown that the operator /ibc n 01 Q3.4[) can be rewritten in terms 
of the generators J°, J~ of (|2.9[) (see |15p. similarly to the Ajy model; cf. 
Therefore, glN+i is the hidden algebra of the BCn model. 



4. The case A = G 2 

The Olshanetsky-Perelomov Hamiltonian for the root space G 2 has the 



for 



He 



k=l 



■>■ ^ dx 2 A ^ 



9P 2 



1 



k<l 



sin^(f (x k -xi)) 



(4.1) 



3 

E 

k<l;k,l^m 



sin 2 (§(x fc + .x; - 2ac m )) 



where g — v[y — 1) > — j and </i = 3/j(/i — 1) > — | are the coupling constants as- 
sociated with two-body and three-body interactions, respectively. From a physical 
point of view, the Hamiltonian (14. ip describes a system of three identical particles 
that are situated on a circle. The ground state eigenfunction is 

(4.2) # o (a0 = (A^(x)y(A[ tri9) (x)r , 

where A^ tri s)[x), A[ tri9 \x) are the trigonometric analogies of the Vandermonde 
determinant and are defined by 

3 



(4.3a) A^\x) = f] | sin §(**-*,)!, 



k<l 



sin-(a;fc + xi - 2x m )\ 



(4.3b) Af ,J V) = J] 

In order to solve the eigenvalue problem for the Hamiltonian (|4.ip , let us introduce 
the Perelomov coordinates Y, Ui, i = 1, 2, 3 as in (|2.3p . The relative coordinates ?/i 
are constrained by ?/! + y 2 + 2/3 = . It was shown in |16j that after separating 
the center-of-mass coordinate in (|4.ip , and introducing the Weyl- invariant periodic 
coordinates 



(4.4a) m = -p 
4 



(4.4b) ?7 2 



.2/3, , 

sin/3(yi 



sui 77(^2 



.2/3, 

sm -(2/3-2/1, 



2/ 2 ) + sin/% 2 - 2/3) + sin/3(2/ 3 - yi) 



the similarity-transformed Hamiltonian h,Q 2 = —2(^q) 1 Hq 2 ^ takes, after the 
transformation to new coordinates (asi, x%, x%) — ► (Y, rji, 772) the algebraic form 



ha 2 (v) 



o 2 



/3 2 2 

T^ 1 



24' 



^ )d mm 



! + — m Jmd mm 

2f3 2 viy 2 mm - [2[1 + 3( M + !/)] + |(1 + 3 M + 4^/3 2 r ?1 |9, 
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(4.5) 



+ l [ i(l + 2v)r,t-[~+4(» + v)}p 2 m \n )IJ . 



>(2) 



It can easily be checked that the operator hc 2 preserves the infinite flag Prj 2 y. 
This is in agreement with our general conjecture that the characteristic vector 
for a trigonometric model coincides with the minimal characteristic vector for the 
corresponding rational model |14j . 

The root space G 2 has two fundamental weights; namely, a± — e% — e\ and 
a 2 = — ei — e 2 + 2e3. Averaging over the orbits generated by a\ and a 2 (as in (|1.4|l ). 
we end up with the explicit FTI 

(4.6a) Ti = 2[cos(/3(t/i - y 2 )) + cos(/?(2j/i +y 2 ))+ cos(f3(2 yi 



2/2))] 



(4.6b) r 2 = 2[cos(3/%)+cos(3/3y 2 )+cos(3/%i + y 2 ))] 
One can easily verify a connection between rji^ and n )2 : 

1 , 1 



(4.7) 



m 



2 ( T i ~ 6) , 772 



If 



■(47a-' 



12) 



The transformation (|4.7p does not alter the infinite flag Pr 1 2 \ ' Changing the vari- 
ables in (|4.5[) from r/'s to r's we end up with 

haM = ^ h G2 = 



4+n- 



(4.8) 



7a 
3 



2u- 



^ 1T1 -^12+4T 2 +r 1 r2-2ri ! )&. 
l + 3^ + 4i/ 



2 

TlT 2 " 



9^+372+371 ra+rf-ri 5 # 



-71 



9 r t - 



3(2^ + i/) + (l + 2/i + 2v)t 2 + — Ti 2 



A straightforward analysis confirms a conclusion that the operator hc 2 (7) preserves 

( 21 

the infinite flag Pm 2 y This is not a surprising result, since the transformation (|4.7p 

f 2) 

maps each subspace in P^ 2} to itself. 

The G 2 model depends on two parameters v, [i, and the nodal structure of 
eigenpolynomials (i.e. where they vanish) at fixed v and [i remains an open ques- 
tion. 

Let us consider an infinite-dimensional Lie algebra of the differential operators 
generated by the following eight operators 



(4.9) 



This algebra was introduced for the first time in |16) . being called g^ 2 \ The 
generators L l ,i — 1, . . . , 7, generate a subalgebra of the form gl 2 x P 3 . For each 
n £ N, the generators (14.91) have the common invariant subspace 

r>( 2 ) _ /_ni 



' L 1 


= 9 T1 , 


L 2 


= T\d TX - 


n 

3 1 


L 3 


= 2t 2 cV 2 - | , 


L 4 


= r?d Tl + 


2riT 2 d T2 - nri 


< 

L 5 


= d T2 , 


L 6 


= 7l9 r2 , 




. L 7 


= 7i 2 9 T2 , 


T-- 


= T2d* TlTl . 





(4.10) 



",{1,2} 



< (m + 2n 2 ) < n) , 
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(cf. Definition 2), on which they act irreducibly 0. The common invariant spaces 
P^\i 2 }' n e ^ form the infinite flag P^^y If the generator L 4 is excluded, the 
remaining generators preserve P^ 2 \- 

It can be easily shown that the operator (|4.8p can be rewritten in terms of the 
generators of the algebra g^ 2 \ in the n = case, as 

h G2 {r) = 4L 1 L 1 + L 2 L X + - \-L 2 L 2 - - 2L Y L 3 

--L 2 L 3 + 2L 6 L 2 - 9L 5 L 6 - -L 3 L 5 - -L 3 L 6 - -L 3 L 3 + L 6 L 7 
2 2 2 4 

(4.11) + 2.L 1 - 3 -^L 2 - 3(2, + V )L* 1 + \ + ^ L 3 2^7 . 

3 v ' 4 12 

In this representation, the generator L 4 is absent. Hence, the algebra is the 
hidden algebra of the G2 trigonometric model. 



5. The case A = F 4 

The trigonometric F4 model is defined by the Olshanetsky-Perelomov Hamil- 
tonian (|1.1[) for the root space F 4 0, 



// = _iw + ^ 

' . ' ' 1 ^Vsin 2 fc^^sin 2 MB+a) 



(5.1) +31/3 2 sin 2 o x . + 9l132 - 2 ftfri + C-l^^ + C-l^a + C-l)^] ■ 

i=l ^ 1 y's=0,l 2 

where /? is a parameter and g, g\ > —1/4 are the coupling constants. If g\ = the 
Hamiltonian (|5.ip degenerates to that of the trigonometric D4 model (i.e. (|3.ip at 
N = 4 and (72 = 33 = 0). The trigonometric F4 model is completely integrable, for 
arbitrary values of the coupling constants g, g\. It describes a quantum particle in 
a four-dimensional space. 

The ground state of the Hamiltonian (|5.1[) is 

(5.2) * = A»_((3)A» + ((3)A%(f3)A»(P) , 
where degrees is, fi arc related with the coupling constants by 

(5.3) g = v{u-l), 0i = -^(m - !) > 



2 It is also worth mentioning that at n = 0, the algebra 3/2 K becomes an algebra of vector 
fields, acting on a 2-Hirzebruch surface, S2, and the modules are the sections of holomorphic line 
bundles over this surface (see |17l and references therein). 

"^Actually, this form corresponds to the representation of the i^-Hamiltonian for the dual root 
space (see a discussion in I18p . It was chosen for convenience in making calculations. Calculations 
with the i^-Hamiltonian defined for the root space turned to be more complicated. 
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and 



(5.4a) A ± (/3) = IImu^— ^ 



j<i 

4 



(5.4b) A (/3) = [] sin ^ ' 

(5.4c) m = nsin m^i + (-D-^ 2 + (-l)-^3 + (-l)-^ 4 ] 



The ground state eigenvalue is 

(5.5) E = {7v 2 + 14/i 2 + 18^)/3 2 



In [18] . as a result of a series of intelligent guesses, after rather sophisticated 
and tedious analysis there were found surprisingly simple variables in terms of which 
the similarity-transformed version of the Hamiltonian (|5.ip , 

(5.6) h Fi = -2(* )- 1 (ff F4 -Eo)(9 ) , 

takes the form of an algebraic operator. This operator was derived explicitly (see 
[18j ). It preserved the infinite flag P^ 2 2 3}' This is in agreement with our conjec- 
ture that the characteristic vector for a trigonometric model always coincides with 
the minimal characteristic vector for the corresponding rational model [14] , The 
explicit expressions for the abovementioned variables ar^ 



(5.7a) 


m 


_ /? 2 ~ 
= m- Y m, 




(5.7b) 


'/(> 


1 /3 2 
= V3 - g V1V2 - y(?74 


1 ~2\ 

36 772 h 


(5.7c) 


■m 


~ 1 „ „ 1 _« 
= ?74 — ^ ?7i 773 + — ?7 2 , 




(5.7d) 


V12 




1 

f g Vi V2 V3 ~ g Vi Vi 



where fj's are the elementary symmetric polynomials 

(4 sin 2 -x \ 
p2 2 1 , 1 = 1,2,3,4 , 

(For a definition of cr's, sec (|2.5|) V Below we shall show that there is nothing 
mysterious in the variables (|5.7a|) ; they can easily be obtained from the FTI of 

(EH). 

Associated with the algebra F 4 are a root space and a dual-root space. From a 
technical point of view, it is more convenient to work in the dual root space. Thus, 
we shall define the FTI by averaging over orbits in the dual root space. In the dual 
root space, the fundamental weights 

(5.9) a± — e 3 + e 4 , a-i = 2e 4 , a 3 = e-i + e 3 + 2e 4 , a 4 = ei + e 2 + e 3 + 3e 4 , 



"4n the limit /3 tends to zero the variables jj's go to the polynomial invariants of the F4 root 
space which arc classified following the degrees of the F4 algebra (2,6,8, 12). Numbering of tj's 
variables reflects this fact. 
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generate orbits with lengths equal to (24,24,96,96), respectively. Averaging over 
the orbits, as in (|1 .4|) . we define FTI that we denote by 11,2,3,4, respectively. After 
some algebra one finds an explicit relation between ?7's and t's: 

(5.10a) m ' Tl 24 



(5.10b) ?7 6 



(5.10c) % = 



24 (3 2 ' 

1 rf + 24ti - 36t 2 - 288 
4608 0* ' 

1 t 1 2 -12t 1 -3t 3 
3072 f3 8 

1 2nf + 72rf - 9r!T 3 - 864n - 324r 2 - 216r 3 + 27r 4 - 1728 

(5 ' 10d)7?12 = -294912 W ' 

It is evident that this transformation leads to an algebraic form for ft,p 4 ; and in fact, 
this algebraic form preserves the infinite flag P$ 2 2 3} • ^ ne f° rm °f this operator 
in terms of the trigonometric invariants (the r's) is the following 

(5.11) » R (r, S ±I> F , = E>«5^+t*(< • 



where 



A n = -2t( + 24n + 12t 2 + 2r 3 + 96 , A 12 = -2t x t 2 + 24ti + 6r 3 , 

A13 = 24ri + 8tit 2 - 3tit 3 - 192n - 84r 2 - 48r 3 + 3r 4 - 576 , 
A u = 8rir 2 - 4tit 4 + 4t 2 t 3 - 96ti - 24r 3 , 
A 22 = 24r 2 - 4t 2 2 - 192t x - 96t 2 - 48r 3 + 4r 4 - 384 , 

A 23 = -48rf - 8nr 2 + 6tit 3 - 4r 2 r 3 + 480n + 216r 2 + 120r 3 - 18r 4 + 1152 , 

A 2A = -48t 4 3 - Sifra 

+ 192t 4 2 + 208rir 2 + 144tit 3 - 12tit 4 + 24r| + 16t 2 t 3 - 6r 2 r 4 + 6r| 
+3072ti + 960r 2 + 576t 3 - 96t 4 + 4608 , 

A 33 = 24^ + 8t?t 2 - 192t 4 2 - 120tit 2 - 72tit 3 + 2tit 4 - 8t 2 t 3 - 6t 3 2 
-768ti - 96t 2 - 96r 3 + 24r 4 , 

Au = 4TXT2T3 - 32t 1 2 t 2 + 192-rf + 288tit 2 - 24tit 3 - 16tit 4 

+144r| + 64r 2 r 3 - 12r 2 r 4 - 8r 3 r 4 - 1920n - 96r 2 - 480r 3 + 72t 4 - 4608 

A 44 = -32t?t 2 - 384-if - 192-rf r 2 - 16rfr 4 + 96tit| + 4t 2 t| 
+96tit 2 t 3 - 8tit 2 t 4 + 2688t 4 2 + 1728r 2 2 + 48r| - 12t| 
+5760tit 2 + 1152tit 3 + 32rir 4 + 1024t 2 t 3 - 48r 2 r 4 + 32t 3 t 4 
+ 15360ti + 12288t 2 + 2304r 3 + 192t 4 + 18432 , 



and 



B l = -2(1 + 6 /j + 5 u)n - 48 v , 
B 2 = -12 vn -4(1 + 5/x + 3z/)t 2 -96/z , 
B 3 = -48 +u)n -2Avt 2 -6(l + 4/i + 3i/)T 3 , 
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B 4 = -48/xrf - %vtit 2 + 48 (8fi+ v)t\ + 48 (4/x - v) r 2 
+96^r 3 - 12(1 + + 2v)t 4 + 1152 /i. . 

A straightforward analysis confirms the conclusion that the operator hp^ir) 



preserves the infinite flag P) x 



(4) 

{1,2,2,3} 



This is not a surprising result, since the trans- 

,(4) 



formation (|5.10|) maps each subspace in P} 1 2 2 3 | to itself. 

The F 4 model depends on two parameters v, (i, and the nodal structure of 
the eigenpolynomials (i.e. where they vanish) at fixed v and [L remains an open 
question. 

This Hamiltonian can be written in terms of the generators of an infinitedimcn- 
sional algebra of differential operators generated by 49 operators, which admits 
finite-dimensional representations in terms of inhomogeneous polynomials in four 
variables (see |18j ). Among those 49 operators there are 22 differential operators 
of the first order, 22 of the second and 5 the of third. 



6. The case A = E 6 

The Hamiltonian of the trigonometric Eq model is built using the root system 
of the Eq algebra (see (jl.l|> ) . A convenient way to represent the Hamiltonian in 
coordinate form is to use an 8-dimensional space with coordinates x±,x%, . . .x& 
imposing two constraints: x 7 — x§, x 8 = —xq. In terms of these coordinates, 

5 



(6.1) 



9/3 2 \ - 



9_l_ 
4 



E 

j<i=l 



1 



1 



Sill 



2 ii 



\X{ ~\~ xj ) 



sm 



2 



(Xi 



sm 



the second summation being one over quintuples {vj} where each Vj = 0, 1, and 
Y^ 5 j=i v i i s ev en- Here g = v(y — 1) > —1/4 is the coupling constant. The configu- 
ration space is the principal Eq Weyl alcove. 

In order to resolve the constraints, we introduce new variables: 

Vi = Xi , i = 1 . . . 5 

ye = xq + xi — x% , (with the constraint ye = Sxq), 

1/7 = — X-; , (with the constraint j/7 = 0), 

(6.2) j/8 = xq + xs , (with the constraint yg = 0). 



In terms of these, the Laplacian has the representation 



(6.3) 



A^ = A^+3^ 
y dy£ 



if 



d 2 



+ 



d 2 



_dy? dyl ' dy 7 dy 8 
while the potential part of (|6.ip depends on y\ . . . y@ only: 



V 



4 



5 

E 

j<i=l 



sin 2 § (yi 



Vj) 2 sin 2 f(yi 



Vj) 



(6.4) 



+-t E 



[sin 2 f (lft.-E$= 1 (-l)"^i 
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In this formalism, imposing the constraints requires that one should study only 
eigenfunctions having no dependence on y7,ys- Hence, the 2/7,8-dependent part of 
the Laplacian standing in square brackets in (|6.3[) can simply be dropped. 
The ground state eigenfunction and its eigenvalue are 

(6.5) * = (A^A^)" A£ 6 , Eo = 39/3V , 

where 

(6.6a) a£ 5) = f[ sm^( yi ± yj ), 

]<i=l 

8 5 

(6.6b) A E6 = JJsinJ(2/ 6 + ^(-ip % ). 

The main object of our study is the similarity-transformed version of the Hamil- 
tonian (|6.1[) . with the ground state eigenfunction (|6.5[) taken as a factor, i.e. 

(6-7) h E6 = _±(* )-i(jr Ea -Eo)(* ) , 

where Eq is given by (|6.5p . 

The Eq root space is characterized by 6 fundamental weights, which generate 
orbits of lengths ranging from 27 to 720. Let us introduce an ordering of the 
fundamental trigonometric invariants t q defined by (|1.4[) . namely: 

orbit Variable weight vector orbit size 

ri -2e 6 27 

t 2 e 5 - e 6 27 

r 3 e 4 + e 5 - 2e 6 216 

r 4 -^(ei - e 2 - e 3 - e 4 - e 5 ) - |e 6 216 

t 5 |(ei + e 2 + e 3 + e4 + e 5 )- |e 6 72 

t 6 e 3 + e 4 + e 5 - 3e 6 720 

The pairs of variables (ti,t 2 ) and (t 3 ,t 4 ) are complex conjugates. The orbit 
variables have certain transformation properties under the involution (3 — > — (3: 
T i,3( — 0) — t 2a(I3), while rs,6 remain unchanged, i.e. are invariant. Since the 
Hamiltonian is invariant under (3 — > — /3, after converting to r-variables it should 
be invariant under the simultaneous interchange t\ <-> T2,t 3 «-» r 4 . 

After very lengthy, truly cumbersome and tedious calculations which probably 
will be published elsewhere, one can show that the similarity-transformed Hamil- 
tonian (|6.7[) . in terms of the above trigonometric invariants (r-variables), takes on 
an algebraic form. This is the following: 

d 2 A „ , , 8 



where 



i,3=l i—l 



An = -^ + 20r 2 +2r 4 , A 12 = -^p + 6r 5 + 54 , 



A13 - + 5r 2 r 5 - 32r 2 - 5r 4 , A u = 16nr 2 - ^p - 51r 5 + 3r 6 - 432 , 

A15 = -t 1 t 5 +32ti+5t 3 , Aie = 10T 1 r 5 -2riT 6 -64T 2 2 -4r 2 r 4 +4T 3 T 5 +384ri+78r 3 , 
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A22 = --y- + 20t! + 2r 3 , A 23 = 16tit 2 - - 51r 5 + 3r 6 - 432 , 

-424 = - + 5r!T 5 - 32rx - 5r 3 , A 25 = -t 2 t 5 + 32r 2 + 5r 4 , 
-426 = -64^ _ 4tiT3 + 10r2T5 _ 2t2T6 + 4t4Ts + 384t2 + 78r4 ^ 

, , 10r 2 

A 33 = 16rir| - 64r 2 - 24rir 3 - 36t 2 t 5 + 2r 2 r 6 + 4t 4 t 5 - 208r 2 + 8r 4 , 

o 

-4 34 - 4tit 2 T5 - 176TXT2 - + 6t 5 2 + 528t 5 - 42r 6 + 3888 , 

A 35 = 32r 2 2 + 4r 2 r 4 - 2r 3 r 5 - 224 n - 44r 3 , 
A 36 = -128t 2 t 2 + 5t!T 5 2 +3t 2 t 4 t 5 + 320tit 5 - 32t 1 t 6 



'5 

+576r 2 + 104t 2 t 4 - t 3 t 5 - 4r 3 r 6 + 5r| + 192n - 312r 3 . 



10r 2 

A 44 = 16t 2 t 2 - 367175 + 2nr 6 - 64r 2 - 24t 2 t 4 + 4T 3 r 5 -± - 208ti + 8r 3 . 

o 

A45 = 32t 2 + 4rir 3 - 2t 4 t 5 - 224r 2 - 44t 4 , 

A 46 = -128nr| + 3rir 3 r5 + 5r 2 r| + 576^ + 104rir 3 + 320r 2 r 5 
-32r 2 r 6 + 5t 3 2 - t 4 t 5 - 4t 4 t 6 + 192t 2 - 312r 4 , 
A 55 = 16rir 2 - 2t 2 - 36t 5 + 2r 6 - 144 , 
A 56 = -967-172 + 3r 3 r 4 + 15r 2 - 3r 5 r 6 + 216r 5 - 12t 6 + 864 , 

„2 2 1 /i„^_2 1 ncc J 1 nr> 2^_ . on„^,. 1/f„.~.-,~. i /l~~ 2 



A 66 = -64rf r 2 + 4tit 2 t£ + 256rf + 32rf t 3 + 80rir 2 r 5 - 24tit 2 t 6 + 4tit 3 

... ■>m->_ 



16rir 4 T 5 + 256t 2 3 + 32r|r 4 - 16r 2 T 3 r 5 + 4r 2 r| + 2r 3 r 4 T 5 + 6r 5 3 - 2112nr 2 



-96rir 4 - 96t 2 t 3 + 84t 3 t 4 + 216rf + 36t 5 t 6 - 6r 6 2 + 2592r 5 + 288t 6 + 10368 . 



and 



4(6 + v) 4(6 + ^) 

t>\ = 7j T l , -°2 = 7, T 2 



3 3 

rn - 7/Vr, 2 - 
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S 3 = - — [(1 - /^)(ri 2 + 5ri t 2 + 9r 2 2 - 15r 2 - 54r 4 - 45r 5 - 405) 



-30(13 + 3t/)Ti + (171 + 49i/)r 3 ] 

(1 -i 

18 1 



S 4 = -i[(l - ^)(9ti 2 + 5ri t 2 + r 2 2 - 15n - 54r 3 - 45r 5 - 405) 



-30(13 + 3z/)t 2 + (171 + 49z/)r 4 ] 

,'1 - ' 
108 v 



Br o = -77^(1 - ^)[2(n 2 + n r 2 + r 2 2 ) - 30(n + r 2 ) - 3(r 3 + r 4 ) 



13(5 + 1/) 3. 
-^-^r 5 --(47 + ,), 

fi 6 = ^ ~ [2(ti 3 + 2n 2 r 2 + 2nr 2 2 + t 2 3 ) - 3(26n 2 + 9rir 3 + llrir 4 + 12rir 5 
IUo 

+26r 2 2 + llr 2 r 3 + 9r 2 r 4 + 12r 2 r 5 ) + 3438(ti + r 2 ) + 522(r 3 + r 4 )] 
_ ( 43 + 29i/ ) TiT2 + (23 + 61 ^ T5 _ ( 20 + 7i/ ) Tf; + 108(1 + 5j/ j _ 

After some analysis, one finds that the operator ()6.8() preserves the infinite flag 
2 2 2 3}' ^ s characteristic vector a = (1,1,2, 2, 2, 3) coincides with the minimal 
characteristic vector for the corresponding rational model [14) . This confirms our 
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conjecture that the characteristic vector for a trigonometric model always coincides 
with the minimal characteristic vector for the corresponding rational model. 

It is worth mentioning that the operator (|6.8p has a symmetry with respect 
to FTI (orbit variables) generated by orbits of the same length (see above); i.e., 
t~i T2, T3 «-> T4. Under this involution 

A12 <-> A12 , A13 <-> A 2 4 , A u <-> A23 , Ai 5 <-» A25 , v4i 6 <-> A 2 6 , A 33 <-> A44 , 

A34 <-> A 34 , A 35 <-> A45 , A 36 <-> A i6 , A 55 <-> ^ 55 , A 56 <-> A 56 , A 66 <-> A 66 , 

B 2 , B 3 ^ B 4 , B 5 ^ B 5 , B 6 . 

The i?6 model depends on the parameter v, and the nodal structure of eigen- 
polynomials (i.e. where they vanish) at fixed v remains an open question. 

7. Summary and conclusions 

Weyl-invariant coordinates leading to the algebraic forms of the trigonometric 
Olshanetsky-Perelomov Hamiltonians associated to the crystallographic root spaces 
An, BCn, G2, F4 were found (in [12j . [15] . |16j . [18] . respectively) in a manner that 
was specific to each problem. In this paper, we have shown that the fundamental 
trigonometric invariants (FTI), if used as coordinates, provide a systematic way of 
reducing the trigonometric Hamiltonians associated to An, Bn, Cn, Dn, BCn, and 
G2, F4, Eq, to algebraic form. The cigcnfunctions of the trigonometric Hamiltonians 
(i.e., the Jack polynomials) remain polynomials in the FTI. The use of FTI enabled 
us to find an algebraic form of the Hamiltonian associated to Eq, which did not 
seem feasible at all, in the past. The calculations in this paper were based on a 
straightforward change of variables from Cartesian coordinates to FTI. Actually, 
there are clear indications of the existence of a representation-theoretic formalism 
that may allow such results to be derived more rapidly and elegantly [71 [El 119] . 

Each of the Olshanetsky-Perelomov Hamiltonians, in algebraic form, preserves 
an infinite flag of polynomial spaces, with a characteristic vector a that coincides 
with the minimal characteristic vector for the corresponding rational model (cf. 
[14] ). It is worth noting that the matrices Ajj in the algebraic form Hamiltonians 
given explicitly in Eqs. (2.6), (3.4), (4.8), (5.11), (6.8), with polynomial entries, 
correspond to flat-space metrics, in the sense that the associated Riemann tensor 
vanishes. The change of variables in the corresponding Laplace-Beltrami operator, 
from FTI to Cartesian coordinates, transforms these metrics to diagonal form. 

It should be stressed that each Hamiltonian of the form (|1.1|) is completely 
integrable. This implies the existence of a number of operators (the 'higher Hamil- 
tonians') which commute with it and which are in involution. It is evident that 
these commuting operators take on an algebraic form after a gauge rotation (with 
the corresponding ground state eigenfunction as a gauge factor), and a change of 
variables from Cartesian coordinates to the FTI, i.e., to the r's. Although both 
the original Hamiltonian (|l.lj) and the FTI (jl.4|) depend on the real parameter 
(3, the resulting algebraic forms are /3-independcnt. This fact yields a non-trivial 
connection between the algebraic operators of trigonometric models and the cor- 
responding rational models. In practice, the connection is made in the following 
way: (i) take the set of FTI, specially ordered; and (ii) subtract from each a certain 
nonlinear combination of the other FTI, in such a way that as /3 — > 0, one obtains 
the polynomial Weyl invariants, which in the rational case lead to an algebraic 
operator, preserving a minimal flag. Surprisingly, if one changes variables to these 
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transformed FTI, the operator, expressed in terms of them, remains in algebraic 
form. This makes it possible to derive the algebraic operator of the rational model 
by taking the (3 — > limit [14] . The significance of the ordering of the FTI, on 
which this procedure depends, is not clear to the authors. An analysis similar to the 
analysis of this paper has not yet been presented for the case of the trigonometric 
Olshanetsky-Perelomov Hamiltonians related to the exceptional root spaces E7 and 
Eg,- We conjecture that in these cases as well, the FTI taken as coordinates will 
yield an algebraic form for the Hamiltonian, and that the infinite flag of polynomial 
spaces with the same characteristic vector as in the corresponding rational model 
will be preserved. In concluding, we mention that the existence of algebraic forms 
of Olshanetsky- Perelomov Hamiltonians makes possible the study of their pertur- 
bations by purely algebraic means: one can develop a perturbation theory in which 
all corrections are found by linear-algebraic methods |20j . It also gives a hint that 
quasi-exactly-solvable generalizations of the Olshanetsky-Perelomov Hamiltonians 
may exist. 
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